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Turbulent Flow Structure Characterization
of Angled Injection into a Supersonic Cross� ow

Rodney D. W. Bowersox¤

U.S. Air Force Institute of Technology, Wright–Patterson Air Force Base, Ohio 45433-7755

An experimental analysis of the three-dimensional, turbulent, compressible � ow structure of a highly under-
expanded Mach 1.8 jet injected at an angle of 25 deg into a Mach 2.9 freestream is described. The experimental
methods include cross-� lm anemometry, conventionalmean-� ow probes (pitot and cone-static pressure), schlieren
photography,and surface oil-� ow visualization. The mean-� ow data consist of axial mass � ux, y-z plane mass � ux
vector, and total pressure contour plots. Turbulence data include x, y, and z mass � ux turbulence intensity compo-
nents, x-y and x-z Reynolds shear stresses, and anisotropy coef� cients. Two relatively large recirculation cells were
located just downstream of the injector. In addition, the vortex pair within the plume dramatically affected the
overall mean and turbulent � ow structure. The axial turbulence intensity had two peaks that were collocated with
the vortex pair. The transverse and spanwise intensities peaked on the right and left sides of the plume, respectively.
The anisotropy contours also showed a strong dependence on the secondary motion of the two counter-rotating
vortices. In particular, the z-y coef� cient had a maximum located within one vortex, and a minimum in the other.

Nomenclature
A = anisotropy coef� cient
k = turbulent kinetic energy
M = Mach number
p = pressure
Re = Reynolds number
Si j = .@ Nu i=@x j C @ Nui =@x j /=2
T = temperature
u; v; w = x; y; z velocity components
x; y; z = Cartesian coordinates
± = boundary-layer thickness
¸ = bulk viscosity
¹ = molecular viscosity
5 = ¿ L

i j C ¿ T
i j

½ = density
¿ = shear stress
¿ L
i j = ¹.ui; j C u j;i / C ¸±i j r ¢ NV

¿ T
i j = Favre-averaged turbulent shear stress

Äi j = .@ Nu i=@x j ¡ @ Nui =@x j /=2
N! = rx NV

Subscripts

c = compressible, or cone-static pressure
e = effective
j = jet
o = reference condition
t = total condition
1 = freestream condition
1 = local condition
2 = behind normal shock (pitot pressure)

Superscripts

L = laminar
T = turbulent
0 = Reynolds (time-averaged) � uctuating component
- = Reynolds mean component
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Introduction

I NJECTION into a supersonic cross� ow is important for a num-
ber of practical applications; for example, thrust vector control,

supersonic combustion ramjet fuel injection, and boundary-layer
control. The overall structure of the mean � ow� eld associated with
injectioninto a supersoniccrossstreamhas been the subjectofmuch
investigation.1¡10 The earlier studies2¡4 concentratedon developing
techniques to predict the plume and Mach disk trajectories. Those
studies mainly used schlieren photography, pitot pressure probes,
and concentrationprobes, for dissimilar gaseous injection, to quan-
tify themean � ow� eld.The effectsof injectionangle, includingyaw,
on the mean concentration � eld also have been investigated.5¡8 In
addition, the upstream interaction has been the subject of study.9

As a result of the large number of studies, the mean-� ow physics
of supersonic injection into a supersonic cross� ow are reasonably
understood. First, the injection into a supersonic freestream cre-
ates what is usually termed the interaction shock, which generally
separates the incoming boundary layer. Thus, the familiar lambda-
shock/boundary-layerinteractionstructure is generated.Because of
the unsteady nature of the shock/boundary-layerinteraction, the in-
teraction shock position is also unsteady. In the case in which the
incoming boundary layer was laminar,9 the separation region was
relatively large. For turbulent boundary layers, as is the case for
the present study, the separation region is usually much smaller.
As the jet emerges, it is turned downstream by the incoming high-
momentum freestream. Also, as the underexpanded jet emerges, it
expandsto conditionsrequiringterminationat a normalshockcalled
the Mach disk.3 Directly behind the injector, the � ow is separated,
which is followed by a reattachmentof the � ow and a recompression
shock. Again, on account of the unsteadyseparationregions, the re-
compression shock position is also unsteady. A relatively strong
counter-rotatingvortex pair is presentwithin the plume. Most of the
evidence for the vortex pair has been based upon the kidney-bean
shape of the plume.11 In addition, low-speed measurements have
con� rmed the existence of the vortex pair.12¡14 A smaller, weaker
horseshoe vortex, similar to that generated by a wing-body junc-
tion, occurs at the injection–cross� ow junction. It also has been
documented that a vortex street results from the � ow separationjust
downstream of the jet.15 A fourth, near-� eld, exit ring-like vortex
system also has been reported for low-speed � ows.15;16 This system
is believedto be the resultof the sheddingof injectorboundary-layer
vorticity.

The turbulent � ow structure associated with supersonic injec-
tion is more complex and signi� cantly less understood than the
mean � ow� eld. However, a number of low-speed studies have been
performed.12¡16 Even though there are many similarities between
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the high-speedand low-speedinjection� ows, signi� cantdifferences
also exist. For example, it has been well established that turbulent
mixing is severely inhibitedby compressibility.17;18 Second, the up-
stream shock/boundary-layer interaction adds complications to the
compressible-�ow case. Compressibility also can affect the vortic-
ity � eld via the baroclinic torque and bulk dilatation,which are both
zero for incompressible � ows. Because high-speed studies that in-
clude turbulence measurements10;19 are rare, a substantial amount
of the current understanding of these � ows has been founded in
reasonable extrapolationsof the incompressibleknowledge base.

Although computational � uid dynamics has become a very im-
portant research and design tool, the lack of computational re-
sources necessary for direct numerical or large eddy simulation of
practical high-Reynolds-number turbulent � ows means that engi-
neers must rely on an approximate averaged form of the governing
Navier–Stokes equations. Mass-weighted-time or Favre averaging
is adopted almost universally.20 Hence, at present, simulation of in-
jection � ows is limited by the accuracy of the turbulence modeling
methodologyemployed,and the developmentof models suitablefor
injection � ows has been severely hindered by the extreme dearth of
turbulence data.

The purpose of the present study is to provide insight into the
three-dimensional turbulent � ow structure associated with super-
sonic injection � ow. Cross-� lm anemometry, along with conven-
tional pitot and cone-static pressure probes, was incorporated to
provide mass-weighted mean and turbulent � ow information. In
addition, � ow visualization techniques (schlieren photography and
surface oil � ow) were used to provide qualitative insight into the
overall structure of the � ow� eld. The mean-� ow data presented
here include contours of total pressure and mass � ux. The turbu-
lence measurements include contour plots of mass � ux turbulence
intensity, x-y and x-z plane turbulent Reynolds shear stresses, and
anisotropy coef� cients.

Experimental Apparatus
Facilities

All tests were performed in the U.S. Air Force Institute of Tech-
nology pressure-vacuum supersonic wind tunnel. The freestream
Mach number across the nozzle exit plane for this facility is 2.9,
with a §0.03 variation. The settling-chamberpressure and temper-
ature were maintained at 2.0 § 0.03 atm and 294 § 2 K for all
tests. The freestream Re/m was 15 £ 106 . The freestream turbulent
kinetic energy was 0.016% of the freestream mean speci� c kinetic
energy. The test section is 6.35 £ 6.35 £ 28.0 cm.

The injector model was built into the ceiling of the tunnel as
shown in Fig. 1; also shown is the coordinate system. The injectant
gas was air at M D 1:8. The throat and exit diameters of the conical
nozzle were 3.22 and 3.86 mm, respectively. The injector-nozzle
divergence angle was 0.83 deg. The injection angle was 25 deg

Fig. 1 Schematic of wind-tunnel model.

relative to the freestream. Because the injector was at an angle, the
exit port was ellipticalwith 3.86 and 9.14 mm minor and major axis
lengths, respectively. The injectant total pressure and temperature
were 3.8 § 0.03 atm and 294 § 2 K, respectively. The injection
parameters Ptj =Pt1, P j=P1 , u j =u1, ½ j =½1 were 1.93, 10.5, 0.79,
and 6.47, respectively.

Data Analysis
Microsecond spark schlieren photographs of the � ow� eld were

taken, and surface oil-� ow visualizations were obtained. Conven-
tional pitot (pt2) and 10 § 0.03 deg semivertex angle cone-static
pressure (pc) probe surveys were acquired. The ratio of these data
allowed for the calculationof the local total pressure(pt1 ) (Ref. 21).
Normalized uncertainty estimates are summarized in Table 1. The
uncertaintyestimates account for the propagationof pitot and cone-
static probe transducer calibration, probe location, and tunnel con-
dition repeatabilityuncertaintiesthroughthe data reductionanalysis
to arrive at the local total pressure.

TSI brand IFA 100 constant-temperature anemometer systems
were used with cross-� lm sensors.22 TSI 1243-20 and 1243-20AN
cross-� lm probes were used. Each of the two platinum hot-� lm
cylindrical sensors on a probe had a length of 1.0 mm and a di-
ameter of 51 ¹m. The two sensors on a probe were nominally
1.0 mm apart. Cross-� lm measurements were obtained in both the
x-y (1243-20 probes) and the x-z (1243-20AN probes) planes. The
frequency response was optimized to nominally 150 kHz by the
square-wavetechniquein theMach2.9 freestream.All of thepresent
data were taken using the single overheat technique,23 where the re-
sistance ratio was set to 2.03 § 0.03. In a related study, McCann and
Bowersox19 demonstratedthat the singleoverheat techniquewas ad-
equate for the present adiabatic � ow. All probes were designed for
boundary-layertype measurements. Hence, � ow access for all data
was through the tunnel � oor.

The cross-� lm data reduction techniquesused here were founded
in the analyses of Kovasznay24 and Spangenberg.25 In general, the
reduction was based on the empirical heat-loss formula

Nu D a Ree C b (1)

Table 1 Uncertainty analysis results

Measurement Error, % Figure no.

Pt =Pt1 11.0 3
½ui =.½u/1 6.0 4
p

[.½u/02]=½u 9.0 5
Anisotropy 18.0 6, 7
Shear stress 20.0 8
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left-hand side (centered near z=d D ¡1:5, y=d D ¡4:5) was lo-
cated near the upper outer part of the left vortex. Around the periph-
ery of the plume on the lower or freestreamside, Azy was nominally
1.2–1.4, and on the boundary-layerside it was roughly 0.85–0.95.

The importance of Azy on the vorticity � eld becomes apparent
through an examination of the vorticity transport equation. The
vorticity transport equation for compressible turbulent � ow is ob-
tainedby takingthecurlof theFavre-averagedcompressibleNavier–
Stokes equations written in nonconservationform. Hence,

D N!
Dt

D N!.r ¢ NV / ¡ . N! ¢ r/ NV ¡ rx
1
N½
r Np

C
1
N½
rx.r ¢ 5/ C r

1
N½

x.r ¢ 5/ (4)

The � rst three termson theright-handsideofEq. (4)depictthe famil-
iar compressibilityand three-dimensionalvortex stretching,and the
baroclinic torque. The fourth term denotes the molecular diffusion
andanisotropicturbulenttransport,where the last term representsan
anisosteric(i.e., variabledensity) molecularand turbulentdiffusion.
Because the present study was aimed at the interaction between the
turbulence and the vorticity across the plume, focus was placed on
the x component of the anisotropic transport term. Denoting this
term as

D!x
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A

it was expressed as
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Hornung35 demonstrated that the � rst term on the right-hand side
of Eq. (5) was responsible for the production of the four counter-
rotating vortex pairs found in straight, fully developed, rectangu-
lar duct � ows. In addition, Speziale,36 as discussed by Wilcox,37

showed that the presence of these vortices can be predicted numer-
ically if the anisotropic nature of the turbulence is included in the
turbulence model. The standard Boussinesq model cannot predict
this secondary motion.37 To qualitatively assess the effects of the
anisotropy on the vorticity, the � rst term in Eq. (5) was approxi-
mately evaluated using the Azy data in Fig. 6c for the two nearly
circular maximum and minimum anisotropy regions centered near
z=d D ¡1:5, y=d D ¡4:5 and z=d D 1:0, y=d D ¡4:8. Plotted
in Fig. 7 are lines of 1 ¡ Azy for these two regions [Cz=d and ¡z=d
correspond to the right (triangles) and left (squares) sides, respec-
tively]. The abscissa variable r was de� ned as the radial coordinate
measured from the center of the two symmetric regions. The four
sets of data correspond to vertical (y-line) and horizontal (z-line)
data pro� les, which were taken along the centerlines of the two
regions. The data in Fig. 6c and Fig. 7 both indicate that the two re-
gions were reasonably symmetric, hence a polar coordinate system
located at the center of each region was postulated. With this, the
second derivativein the � rst term in Eq. (7) was estimatedas d2=dr 2.
To evaluate this derivative,parabolaswere � tted to the data in Fig. 7
(solid and dashed lines correspond to the y and z data sets, respec-
tively). Thus, d2.1 ¡ Azy/=dr 2 ¼ 1.3 § 0.3 and ¡0:65§ 0.2 for the
Cz=d and ¡z=d anisotropic regions, respectively.The signs on the
anisotropicvorticity transport are in agreementwith the streamwise
vorticity shown in Fig. 4 (Ref. 35). These data suggest that the vor-
ticityproductiondue to this anisotropyshouldbe higheron the right-
handsideof theplume.A � nitedifferenceestimateof the streamwise
vorticitydemonstrated that the peak vorticity on the right-hand side
was about 15.0% higher than the corresponding peak on the left-
hand side.19 Recall from Fig. 5a that the axial turbulence intensity
levels were about 10% higher within the left vortex as compared to
those associated with the right-hand side. Hence, the higher axial
vorticity damped the magnitude of the axial mass � ux � uctuations.

Fig. 7 Anisotropy pro� les (1 ¡ Azy; x/d = 40).

These results, as well as the other gradients in Azy , may have been
responsible in part, via Eq. (5), for the slight plume asymmetry, or,
if the asymmetry was due to a bifurcation, then the anisotropy may
have in� uenced the preferreddirectionof the new equilibriumpoint.

Shown in Fig. 6d is the three-dimensional anisotropy parame-
ter de� ned in Eq. (3). The results in Fig. 6d show that the overall
magnitude of the turbulence near the center of the plume tended
toward A ¼ 1.0. Referring to Fig. 4a, it is apparent that this re-
gion within the plume corresponded to a location of relatively low
mean shear-strain rate. On the other hand, it also was the location
of the interaction of the two main vortices (Fig. 4b). It is expected
that the highly three-dimensionalstrain rates in this region resulted
in the nearly equal-magnitude turbulent � uctuations. Again, the
anisotropy coef� cients around the periphery and in the boundary-
layer regionwerevery similar to incompressibleboundary-layerand
two-dimensional supersonic free-shear-layervalues. The relatively
large mean shear-strain rates around the periphery resulted in this
state of anisotropy.

Given in Fig. 8 are the x-y and x-z plane Reynolds-averaged
turbulentshearstressesnormalizedby twice the localmean dynamic
pressure, N½ Nu2. As indicated, the overall structure of the turbulent
shear stress data was very similar between the two stations.The x-y
shear stresses (Fig. 8a) were found to peak along the left side of the
center of the injection plume; around the periphery of the plume,
they were negative on the lower or freestream side and positive on
the upper or wall side. The shear-stress signs within the boundary
layer were also negative. The signs of the shear stresses around the
periphery of the plume, like those within the boundary layer, did
conform with conventional momentum transfer arguments.19 Also
note that the structure of the x-y turbulent shear-stress plot is very
similar to that of Axy and A (Figs. 6a and 6d). The peak shear-stress
magnitudes along the center of the plume are also important from
a turbulence modeling perspective. First, these data suggest that a
standard eddy viscosity turbulence model (zero or two-equation)
would not be well suited to predict the peak shear stresses along the
plume center because of the relatively low magnitude of the strain
rates in that region. Second, the high shear-stress levels along the
plume center indicate that the turbulence in this region is highly
anisotropic. It is possible that the peak shear-stress levels along
the center of the plume in Fig. 8a are the result of a multimodal
signal due to the inherent unsteadinessof the � ow. To qualitatively
investigate this possibility, the time trace from one of the cross-� lm
sensors is given in Fig. 9. As indicated, the signal does not show
any signs of being bi- or multimodal. However, if the multimodal
frequencies were greater than 10 kHz, then the present experiment
would not have been able to resolve them.

The x-z turbulent shear stresses (Fig. 8b, x=d D 40) were found
to be positiveover the entire � ow� eld and stronglydependenton the
secondary motion (the peak values on both the right- and left-hand
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symmetric across the plume and hence perhaps contributing to the
asymmetry discussed earlier. The rather remarkable anisotropy be-
tween the x-y and x-z turbulent shear stresses (comparing Figs. 8a
and 8b) also could have impacted the vorticity transport by way of
the second term on the right-hand side of Eq. (5).

The present data suggest a strong interdependency between the
secondary motion and the turbulent � ow. Although not the primary
focus of the research, it also was postulated that the asymmetry no-
ticeable in the present as well as a number of other studies8;13;27¡29

was a result of this interaction.Three plausible explanationsfor the
generationof the asymmetry have been suggested:vorticityproduc-
tion [Eq. (4)] due to the anisotropy,a bifurcationof the equilibrium
state that was biased by the anisotropy, and an asymmetric energy
transfer between the mean and turbulent � ow due to the nonlinear
nature of the turbulent shear-stress/strain rate relationship.

Conclusions
An experimental study, focused on examining the three-dimen-

sional turbulent structure of an angled, overexpanded, supersonic
gaseousinjectionintoa supersoniccross� ow, is presented.Schlieren
photography and surface oil-� ow visualizationare used to provide
a qualitativeglobal picture of the present � ow. Cross-� lm anemom-
etry, in conjunction with conventional mean-� ow probes, is used
to provide both three-dimensional mean-� ow and mass-weighted
turbulence data. Two relatively large recirculation cells are located
just downstream of the injector. In addition, the vortex pair within
the plume dramatically affects the overall mean and turbulent � ow
structure. The axial turbulence intensity is found to have two peaks
that are collocated with the vortex pair. The transverse and span-
wise intensities peak on the right and left sides of the plume, re-
spectively.The anisotropycontours also show a strong dependence
on the secondary motion. In particular, the z-y coef� cient has a
maximum located within one vortex, and a minimum in the other.
Although not a primary focus, an asymmetry across the plume was
noticed. Similar asymmetries were noticed in a number of other
studies over a wide range of � ow conditions. Aside from possible
upstream nonuniformities, three plausible explanationsfor the gen-
eration of the asymmetry are postulated: vorticity production due
to anisotropy, a bifurcation of the equilibrium state that was bi-
ased by anisotropy, and an asymmetric energy transfer between the
mean and turbulent � ow due to the nonlinearnature of the turbulent
shear-stress/strain rate relationship.
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